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Abstract 

For any rational number 1 we prove an identity of Rogers-Ramanujan- 

Gor don- Andrews' type. Bijection between the space of states for XXZ model and 
that of XXX model is constructed. 



1 Introduction 

The main goal of our paper is to study a combinatorial relationship between the space 
of states for generalized XXZ model and that for XXX one. In our previous paper 
0] we gave a combinatorial description of states for generalized XXZ model in terms 
of the so-called sl{2)-X X Z rigged configurations. On the other hand it is well-known 
that when the anisotropy parameter po of XXZ model goes to infinity then the XXZ 
model under consideration transforms to the XXX one. We are going to describe this 
transformation from combinatorial point of view in the case when po is an integer. 

A combinatorial completeness of Bethe's states for generalized XAX-model had been 
proved in and appeared to be a starting point for numerous applications to combi- 
natorics of Young tableaux and representation theory of symmetric and general linear 
groups, see e.g. [Q]. Here we mention only a "fermionic" formula for the Kostka-Foulkes 
polynomials, see e.g. 0, and the relationship of the latter with s/(2)-branching functions 
t'l^^lq), see e.g. P]. We will show in Section 1, Theorem |2.3| and Remark |2.5|, that g- 



counting of the number of XXZ states using Bethe's ansatz approach [g], gives rise to 
the Rogers-Ramanujan-Gordon- Andrews' type identity for any rational number po ^ 1- 
It seems an interesting problem to find a polynomial version of the Rogers-Ramanujan 
type identity ( |2.12| ) from our Theorem | 



Another question which we are interested in is to understand a combinatorial nature 
of the limit 

XXZ XXX. 

In Section 3 we describe a combinatorial rule which shows how the AAZ-configura- 
tions fall to the XXX pieces. For simplicity we consider in our paper only the case 
Po > J2m ^m- General case will be considered elsewhere. 
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2 Rogers— Ramanuj an' s type identity 

This paper is a continuation of our previous work Q]. Let us remind the main definitions, 
notation and resuhs from [Q. 

For fixed Po E Po > I let us define (cf. 0) a sequence of real numbers Pi and 
sequences of integer numbers i'i,mi,yi, 



Po ■.= po, pi = 1, l^i 



Pi 



, pi+i = pi^i - Vi-iPi, i = 1, 2, . . . (2.1' 

_Pi+i_ 

y-i = 0, ?/o = 1, yi = fo, Vi+i = Vi-i + i^iVi, « = o, i, 2, . . . (2.2) 

z^i =0, zo = 1, zi = iyi, Zi+i = Zi_i + Ui+iZi, i = 0, 1, 2, . . . (2.3) 

mo = 0, mi = i/Q, "ij+i = mj + z/j, i = 0, 1, 2, . . . (2.4) 

r(j) = 2, if mi<j< rui+i, j = 0,1,2,... (2.5) 

It is clear that integer numbers z/j define the decomposition of po into continuous fraction 

1 



Po = K,i^i,'^2,---] = iyo + - ^ 

yi + 



V2 + ■ ■ ■ 

Let us define (see Fig. 1) a piecewise linear function Uj, j > 0, 

■■= Vi-i + (j - mi)yi, if nii < j < rrii+i . (2.6) 

It is clear that for any integer n > 1 there exists the unique rational number t such 
that n = rit. 

Let us introduce additionally the following functions (see 0]) 

Qj = (-l)*(Pi - (i - mi)pi+i), if mi< j < rrii+i, (2.7) 



7^{qk-qkn^), if nfc > 2s, 

k,2s — \ (^lY(k)-l 

— {qk-qxnk)-\ , ifnfc<2s, 



where 2s = — 1. 

In what follows we assume that the anisotropy parameter ^ 1 is a rational number, 
and Po = [vq,vi, . . . ,Ua\ denotes its decomposition into continuous fraction. It is not 
difficult to see that 

Po = [uo,ui, ■ ■ ■ ,iya\ = , 

Zqi 

- r 1 Va 
Po ■= [1^0,1^1, ■■■ ,l^a-l\ = , 

where the numbers {yj}°'^Q and {zj}"^^ are defined by (2.2) and (2.3) correspondingly. 
We assume that if a > 0, then z^q, > 2. 
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mi_imj_i+lm— Imj mj+lmj+i-lmj+i j 



Fig.l. Image of piece-wise linear function nj in the interval [mj_i,mj+i] 

In order to formulate our main result of the paper |Q about the number of Bethe's 
states for generalized XXZ model, let us consider the following symmetric matrix 

i) Cij = Cji and Cij = 0, if \i — j\ > 2. 



a) Cj-ij = (-1)' , ii rrii < j < mj+i. 

{2{-iy, a rrii < j < rui+i - 1, i < a, 
{-ly, if j = rui+i - 1, i <a, 

16 _ 7 

Example 1 Let us take po = — , then po = [2, 3, 2], a = 2, p = [2, 3] = -, 

1^0 = 2, ui = 3, 1^2 = 2; 

rriQ = 0, mi = 2, m2 = 5, 777,3 = 7; 

2/0 = 1, 2/1 = 2, ?/2 = 7, 2/3 = 16; 

zq = 1, ^1 = 3, Z2 = 7. 
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Therefore, po = ^"^^ , po = -^^^^ and 



Finally, 



J, if0<j<2, 

1 + 20--2), if2<j<5, 

2 + 70' -5), if5<j<7, 

7 + 16(j-7), if7<j. 
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and det|0-^| = 16. 



1 
-2 
1 



1 

-1 



Note, see Theorem 4.7, that the absolute value of the determinant det(G ^) is equal 
to j/a+i, i.e. the numerator of po- 



To continue, let us consider the matrix E = {ejk, 



l<j,A,<ma+i) 



where 



One can check that the vacancy numbers Pj{X), see @], (3.9), can be computed as follows 
P,(A) + A, = {{E - 20)A* + 6*),, 1 < J < m„+i, 



where the j-th component of vector b = {bi, 



b, 



-1) 



r(J) 



1 "jTla + l , 

-21) 



Po 



is defined by the following formula 

5:2<i>,,2.„-ivJ, 



and for any sequence of integer numbers A = (Ai, . . . , Xm^+i) "we denote by A the sequence 
(Ai, . . . , Xm^+i), where Xj = (-l)'"(^)Aj, 1 < j < m„+i. 
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Theorem 2.1 The number of Bethe's states Z-^-^^i^N^s \ I) of the generalized XXZ 
model is equal to 

' ((i?-S)A* + 6*), \ 



En 

A 3 



A, 



(2.8) 



where summation is taken over all sequences of non-negative integer numbers A = {\k}^=i^ 
such that 



rria+i 



^ UkXk = 1, Afc > 0; 
fc=i 

A = (Ai,....A^^^J, A, = (-1)^(^)A„ B = 2Q. 

Recall, see [Q, or Section 3, that and s in the above formula for the number of 
states Z^^^{N, s\l) denote vectors = {Ni, . . . , A^^) and s = (si, . . . , si, . . . , Sk, ■ ■ ■ , Sk), 

Ni Affc 

i.e. Nm is equal to the number of spins in the XXZ-chain which are equal to s^- 

One of the main goal of the present paper is to consider a natural g-analog for (^ 
Namely, let us define the following g-analog of the sum 



A j L 



{{E-B)X' + b') 
A, 



(2.9) 



where ej = (— l)'''^-'^ 
Let us recall that 



M 
N 



is the Gaussian g-binomial coefficient: 



(?; i) 



M 



M 
N 



if < < M, 



(g; g)Ar(g; g)Af-jv' 
0, otherwise. 



Remark 2.2 In our previous paper [Q, see (5.1) and (5.2), we had considered another 
g-analog of ([2.81). It turned out however that the g-analog (5.1) from probably, does 
not possess good combinatorial properties. 

One of the main results of the present paper is the following: 
Theorem 2.3 Assume thatpo > 1 be a rational number, and consider a rational function 



ql 



:2.io) 
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summation in ( \2.1C\ ) is taken over all sequences of non-negative integer numbers 
X = {Xk}^=i^ such that 

I = Yl '^kXk, Xk > 0. 
fe>i 



Then we have 



l>0 



:2.ii) 



where 



E 

A; > m > 
(fc.m) 7^ (0,0) 



(±) 



l + ( — 1)^ 

— 2 k+m^{kya-^i-\-mya){kza'^mzo 



{<i;(i)k 



k-1 

m 



+ q 



-(2fe-m) 



k-l 

m — 1 



Aa{k, m) 



l + {-lT ( k-m\ l-(-l)" 



Let us emphasize that polynomials Q^kmi'i) same for all rational numbers Pq>1. 

Taking the sum with respect to the index m in the RHS ( P^TT]) , we obtain 



Corollary 2.4 (Rogers-Ramanujan-Gordon-Andrews' type identity) 



where 



l>0 



k>0 



(2.12) 



m>0 



i+yaZa)+Aaik,k-m) /-)({—!)") 



Qk,k-m 



A proof of identity ( p.ll| ) is a "g-version" of that given in Theorem 4.1. 



Remark 2.5 (Gordon-Andrews' type identity) Let Po ^ 1 be an integer, then a = 0, 
Hi = PO) Uo = 1) -2o = 1? -2-1 = 0, and the RHS of ( |2.11| ) takes the following form 



1+ E 



(k-m)(k-m-l) Q^^jiiq) 



fc > m > 
(fc,m)7^(0,0) 



,k<l 



'^'^k+m ^{kpo+m)k-\ ^ 



1 + E(-1. . . ^ 

fe>0 [Q^Dk (m=0 



{q; q)k 

_ _ iiti f71-)~l) / I \ 

E(-ir?^^?frl(?) 



(2.13) 
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It is not difficult to see that if A; > 0, the sum in the brackets ( p.l3|) is equal to 
(1 + q''){q; q)k- Hence, if ^ 1 is an integer, then we come to the following identity: 

Y.q^V}'"'\q) = l + + (2.14) 

l>0 k>0 

Using the Jacobi triple identity, one can rewrite ( p.l4| ) in the following forms 

= 11(1 - g(2P0+l)n)(i _ ^(2po+l)n-po-l)(l _ ^(2po+l)n-po ) ^ (2.15) 
l>0 n>l 
1 



j:i~^vriQ)= n (i-o-^ (2.16) 

[q, 1)00 i>o n^O,po,PO+l(mod 2po+l) 

It looks very challenging task to find for any rational number Pq > 1 an explicit 
product formula (Weyl's denominator identity) for the right hand side of identity (|2.11|) . 

We consider the identity ( p.l2| ) as an identity between bosonic and fermionic formu- 
lae for the character of "vacuum representation" of the generalized Kac-Moody algebra 
corresponding to the matrix 0^^. 



3 XX Z XXX bijection 

In this section we are going to describe a bijection between the space of states for XX Z- 
model and that of XXX-mode\. Let us formulate the corresponding combinatorial prob- 
lem more explicitly. First of all as it follows from the results of our previous paper, the 
combinatorial completeness of Bethe's states for the XXZ model is equivalent to the 
following identity 

N 

l[i2sm + 1)"^- = Y.Z'''''iN,s I /), (3.1) 

m 1=0 

where = 2smNm and the numbers Z^^^{N, s \ I) are given by (|2.8|) . On the other 

m 

hand it follows from the combinatorial completeness of Bethe's states for XXX model 
(see [HI) that 

In 

n(2s™ + l)^- =i](iV-2/ + l)Z^^^(iV,5 I /), (3.2) 

m 1=0 

where the number Z^-^^lN, s \ I) stands for the multiplicity of (^y — /^-spin irreducible 
representation of s/(2) in the tensor product 

Let us remark that both numbers Z^^^ [N, s \ I) and Z^^^ {N, s \ I) admit a com- 
binatorial interpretation in terms of rigged configurations. The difference between the 
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space of states of XXX model and that of XXZ model is the availability of the so- 
called 1 "-configurations (or 1^ string) in the space of states for the latter model. The 
presence of l~-strings in the space of states for XX Z-model is a consequence of broken 
s/(2)-symmetry of the XX Z-mode\. Our goal in this section is to understand from a 
combinatorial point of view how the anisotropy of XXZ model breaks the symmetry of 
the XXX chain. More exactly, we suppose to describe a bijection between X X Z-ngged 
configurations and XXX-rigged configurations. Let us start with recalling a definition 
of rigged configurations. 

We consider at first the case of sl{2) XXX-ma.gnet. Given a composition fi = 
(/ii, /i2, • • •) and a natural integer /, by definition a s/(2)-configuration of type is 
a partition i> h / such that all vacancy numbers 

/^„(z/;^) := ^min(n,/ifc) -2^ z/^ (3.3) 

k k<n 

are nonnegative. Here u' denotes the conjugate partition to that u. A rigged configuration 
of type (/,/i) is a configuration z/ of type (/,/i) together with the collection of integer 
numbers {Ja}^=i''' which satisfy the following inequalities 

< Ji < J2 < ■ ■ ■ < Jmn{u) < Pnii^] /i)- 

Here mn{v) is equal to the number of parts of the partition v which are equal to n. It is 
clear that the total number of rigged configurations of type (/, /i) is equal to the following 
number 

P„(z/;/i) + m„(z^) 
m„(i/) 



z{i I ^) := E n f 

u^l n>l \ 

The following result had been proved in [0. 



Theorem 3.1 Multiplicity of {N — 21 + 1) -dimensional irreducible representation of si [2) 
in the tensor product 



is equal to the number Z \ I \ 2si, . . . , 2si, . . . , 2sm, • • • , 2s^ 



Example 2 One can check that 

y®5 = 6^0 + 15^1 + 151^2 + 10^3 + 4^4 + V5. 

In our case we have fi = (2^). Let us consider / = 5. It turns out that there exist three 
configurations of type (3, (2^)), namely 







1 1 lu 












1 






2 
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Hence, Z(3 | (2^)) = 1 + 2 + 3 = 6 = Multy, (v^®^). 



Now let us give a definition of sl{2)-XXZ configuration. We consider in this Section 
only the case when the anisotropy parameter pq is an integer, po ^ Z>2. Under this 
assumption the formulae ( p.6|) and ( p.7|) take the following form: 



Hi 



n. 



PO 



2$ 



j, if 1 < j < po, Vj 
= 1 V = — 1- 
2sk 



-1; 



k,2s 



Po 
2s 



min(A;, 2s), if 1 < A; < po, 2s + 1 < po; 



2$po,2s = — , if 2s + l <po; 
Po 

hj = k-j, iil<j<k<po; 
bkpo = 1, if 1 < A; < Po; 



Po 



21 



Po 



if 1 < i < Po] 



Definition 3.2 A sl{2)-XXZ -configuration of type {l,fi) is a pair {X,Xpg), where A is 
a composition with all parts strictly less than pq, ^ jXj + Ap^ = /, and such that all 

j<PO 

vacancy numbers Pj{X \ /i) are nonnegative. 



Let us recall 0] that if the anisotropy parameter po ^ 2 is an integer, then 
Pj{X\^i) := aj{l \ ii) + 2 (A; - j)Afc + Apo, if j < Po - 1; 

j<k<po 



Ppo-i{X I /i) := apo_i(/ \ n) + X 



(3.4) 



In the sequel we are displaying a configuration 

(A, Apg) = (Ai, A2, . . . , Ap(j„i, Apo) 
as the diagram of the following partition (l-^i+'^po, 2^'^, . . . ,{pq — l)^po-^). 



Example 3 Let us consider po = 6, s 



2' 



= 5, / = 5. The total number of type 



(5, (3^)) sl{2)-X X Z configurations is equal to 12. 
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The total number of type (5, (3^)) rigged configurations is equal to 

Z^^^{5 I (3^)) = 101 = 1 + 4 + 3 + 7 + 10 + 10 + 6 + 16 + 8 + 12 + 18 + 6. 

Here we have used the symbol ^ to mark the l~-strings. 

Now we are ready to describe a map 11 from the space of states for XX Z model to that 
of XXX one. More exactly we are going to describe a rule how a XXZ-configuration 
falls to the XXX-pieces. At first we describe this rule schematically: 



A 

m 



n 




+ 



A 

m—1 



m 



□ 



This decomposition corresponds to the well-known identity 

1 



m + k 
k 



k 
i=0 



m + J 
3 



In what follows we will assume that Pq > J2m ^m- 

Theorem 3.3 The map U is well-defined and gives rise to a bijection between the space 
of states of XX Z -model and that of XXX one. 



Proof. Let us start with rewriting the formulae (|3.4| ) for the X X Z-vacancy numbers 
in more convenient form, namely, 

X/m 2/ 



pXXZ , 



v\ ^) = Y^ min(j, 2s^) - 2 ^ z/^ - j 

m k<j 



if l<j<Po-l; 
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^2m 2,1 

Po 



+ -^po! (3-5) 



:,XXZ 

PO 



■po-1 



Here /i = (2si, . . . , 2sm) and i/ is a pair z/ = (z/, Ap^), where z/ is a partition such that 
Z(i/) < Po — I, \jy\ + Xpo = I- Relationship between A from Definition 1 and u is the 



following 



mAi') 



A„ i.e. z/ = (1^12^^ . . (po - 1) 



Next, let us consider an integer / < X^m -Sm and let z/ h / be a XXX-configuration. Let 
ApQ be an integer such that 2 X] — 2/ — po < Apy < X^m -Sm — ^ and consider the pair 
v = (z/, Apg). It is easy to check that 

i^r^^^(z?|/i) = ^min0-,2sj-2 5]z/^ = i^r^^^(z/|/x)>0, if 1 < j < po - I; 

m k<j 

Pp,-i{^ I /x) = E - 2/ + Apo > 0; 

m 

Pp/'i^ I /i) = Apo-1 > 0. 

Thus the pair V = {u, Apg) is a XXZ-configuration. 

Furthermore it follows from our assumptions (namely, J2m < Po, 

App > 0) that Apo_-i = and both 1^-strings and (po — l)-strings do not give a con- 
tribution to the space of XXZ-states. Thus we see that both XXX-configuration u and 
XXZ-configuration z? = (z/, Ap^) define the same number of states. Now, if z5 = (z/, /i) is 
a XXZ-configuration then z/ is a XXX configuration as well. This is clear because (see 

By the similar reasons if (z5, Ap^) is a XXZ-configuration, then for any integer k, < k < 
App, the pair {V, Ap^ — k) is also a XXZ-configuration. It follows from the above consider- 
ations that n is a well-defined map. Furthermore there exists one to one correspondence 
between the space of XXX-configurations and that of XXZ-configurations, namely, 

where Ap„ = [Em -^m - I'^l]- 

All others XXZ-configurations {u, k) with < A; < Em -^m^ l^^l ^1 give a contribution 
to the space of descendants for u ^ p. 
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